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Adspecies terrace diffusion barriers, pair interaction energies, and formation energies control island nucle-
ation and growth during deposition and postdeposition coarsening in metal homoepitaxial systems. Thus,
accurate theoretical determination of such energies is key for predicting behavior or for interpreting experi-
ments. Often energies are obtained from density-functional theory using slab geometries. However, we find
surprisingly strong variation in these energies with slab thickness due to quantum size effects, and also slow
convergence to the bulk limit. Thus, many previously reported values deviate significantly from bulk limit, a
feature corrected in the current study focusing on Ag and Cu surfaces.
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I. INTRODUCTION

Density functional theory �DFT� analysis is proving to be
an invaluable tool providing energetic information for either
modeling or interpreting growth and relaxation behavior in
epitaxial metal films.1 DFT is having a similar impact on
other areas of surface and materials science.2 It is well rec-
ognized that there are intrinsic limitations to the reliability of
the theory due to approximation of exchange-correlation
functional in the Kohn-Sham equation. However, there are
also more practical limitations for periodic slab calculations
due to the use of finite-size �lateral� unit cells and due to
finite-thickness slabs. It is common for such analyses to use
slab thickness from L=4–6 layers for studies involving ad-
sorption on one side of the slab �and perhaps double that for
adsorption on both sides�. The assumption is that this will be
sufficient to recover L→� bulk behavior. However, the cur-
rent analysis reveals unexpectedly strong quantum size ef-
fects �QSE� in the direction orthogonal to the slab. Values of
key energies determined from slabs of thickness in the above
regime deviate significantly from bulk values, and conver-
gence to these values is surprisingly slow.

To explore this behavior, we focus on three key energies:
the terrace diffusion barrier, Ed, the pair interaction, Eb, and
the formation energy, Ef, for adatoms on fcc�100� and
fcc�111� surfaces. We also discuss the adsorption energy, Ea,
for adatoms, and both Ed and Ef for vacancies. Immediately
below, we provide some brief background on the significance
of the first three quantities for thin-film growth and relax-
ation processes.

For submonolayer deposition at low temperatures �T�
where the formation of two-dimensional �2D� adatom islands
is irreversible �i.e., ad-dimers are stable�, island density, Nisl,
is controlled by Ed �in the absence of longer-range repulsive
interactions between adatoms�. A simple mean-field rate-
equation treatment captures this dependence allowing deter-
mination of Ed from observations of the T dependence of
Nisl.

3,4 Increasing T results in a transition to reversible island
formation which is controlled in large part by Eb. A mean-
field estimate of the dependence of the transition tempera-
ture, T�, on Eb �and Ed� comes from comparing the rate of
dimer dissociation with the rate at which adatoms aggregate

with dimers �noting that the latter creates larger more stable
islands�.5 More precise determination of T� accounts for fre-
quent recombination of dissociating dimers.3,4 Traditionally,
Eb was determined from experimental values of T�. How-
ever, sometimes experimental behavior is unclear, particu-
larly if complicated by a distinct transition associated with
the onset of dimer mobility.6,7 Reliable DFT estimates of Eb
facilitate correct interpretation of such experimental observa-
tions.

Similar issues arise for analysis of multilayer growth in
the presence of a large step-edge barrier inhibiting downward
transport and producing wedding-cakelike mounds �i.e.,
three-dimensional stacks of 2D islands�.3,4 The size of the
uppermost terraces or islands in these mounds is extremely
sensitive to the rate of nucleation of new layers on these
terraces. This in turn is sensitive to the extent of reversibility
in island formation and thus to Eb.8 Behavior of the upper
terrace size was first described by a mean-field treatment of
the rate of nucleation of top-layer islands,9 although subse-
quent analysis indicated distinct behavior in cases where
nucleation was impacted by fluctuations in the adatom popu-
lation of the top terrace.10,11 In any case, precise values of Eb
are key for modeling and elucidating these complex
multilayer film morphologies.8

In addition, we briefly describe key energetic issues for
postdeposition coarsening of 2D islands or pits via Ostwald
ripening �OR�. OR involves transport of adspecies �which
could be either adatoms or vacancies� between islands or
pits.12,13 The overall coarsening rate is controlled by the sum
of Ed and the effective energy, Ef, for forming adspecies on
the terrace by detachment from steps edges �plus any addi-
tional barrier for attachment of adspecies to step edges�. Ed is
generally expected to be quite different for adatoms and va-
cancies. Ef would be the same for adatoms and vacancies
within a simple nearest-neighbor �NN� pairwise interaction
picture, although many-body aspects of the interactions pro-
duce differences.13 Thus, reliable determination of Ef �as
well as Ed� enables assessment of coarsening pathways and
rates.

Finally, it should be noted that DFT analysis of energetics
for �unsupported� thin metal slabs does have potential direct
relevance to behavior on supported films, particularly when
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there is a weak interaction of the film with the supporting
substrate. Indeed, some studies of supported films on highly
oriented pyrolytic graphite have been performed specifically
to test this hypothesis.14

Earlier DFT studies on key energetics of simple metal
surfaces also reveal significant variations due to the choice of
slab thickness in calculations.15–18 Given the importance of
precise energetics for interpreting and modeling experiments,
these observations prompt a more systematic and compre-
hensive study of quantum size effects exploiting enhanced
computing power and refinements of theory and codes. The
results will also be helpful in clarifying fundamental and
practical issues related to the convergence of ab initio ener-
getics as a function of slab thickness.

The outline of this paper is as follows. In Sec. II, we
briefly describe the methodology and some details of the
settings in our DFT calculations. In Sec. III, we present and
discuss the results for nearest-neighbor interactions between
adatom pairs. We present results for the formation energy in
Sec. IV, and for the diffusion barrier in Sec. V, for both
adatoms and vacancies. Discussion and conclusions are pro-
vided in Sec. VI.

II. METHOD

DFT results presented here are obtained using the
VASP code.19–22 Most of the calculations were performed
with the Perdew-Burke-Ernzerhof �PBE� exchange-
correlation functional23 and the projector-augmented wave
�PAW� method.24,25 The pseudopotential is from the VASP

package and tailored for PBE functional.25 Methfessel and
Paxton’s smearing �with N=1 and �=0.2 eV� were used for
all slab calculations. The energy cutoff is 250 eV for all
metals. For those calculations with relaxation, we fixed the
bottommost layer atoms at their bulk positions and relax the
upper layers, including adsorbates, if any. Slabs are separated
by a vacuum of 12 Å. The settings for the k-point grid will
be given in the main text. Theoretical lattice constants are
obtained with �24�24�24� k-point grid, including the �
point, using the tetrahedron method with Blöchl corrections.
They are 4.169 Å for Ag and 3.637 Å for Cu. The experi-
mental lattice constant for Ag with the zero-point anhar-
monic expansion subtracted is calculated recently as
4.056 Å in Ref. 26 and 4.062 Å in Ref. 27, and the value
for Cu is 3.595 and 3.596 Å, respectively. The room-
temperature value is 4.09 Å for Ag and 3.61 Å for Cu.28

The overestimate of the lattice constant is a general fea-
ture of the PBE �and the very similar PW91� form of the
generalized-gradient approximation �GGA� of DFT and is
consistent with other previous GGA results, e.g, 4.17 Å
�PW91+LAPW�,29 4.18 Å �PW91, PP�,15 4.13 Å �PBE,
gaussian-type orbitals �GTO��,30 4.164 Å �PBE, PP� �Ref.
31� 4.147–4.150 Å �PBE, PAW�,32,33 and 4.154 Å �PAW,
FP-�L�APW+lo�.32 The FP-�L�APW+lo value is considered
the benchmark. The small but not insignificant difference
with the �PBE, PAW� values in Refs. 32 and 33 is believed to
be caused mainly by the difference in the PAW potentials
used.34 Similarly, the lattice constant for Cu is also consistent
with previously reported values using PBE, e.g., 3.637 Å

�PAW�,33 3.630 Å �FP-�L�APW+lo�,32 and 3.628 Å �PBE
and linear combination of atomic orbitals�.26 Results using
other functionals and pseudopotentials are discussed in Ap-
pendix.

It is sometimes tempting to use the experimental lattice
constant to “correct” the theory. However, using a lattice
constant that is different from the theoretical value will in-
troduce an artificial strain to the system. As shown in Refs.
16 and 25 and will be discussed in Sec. V, the diffusion
barrier is very sensitive to the strain but less sensitive to the
“wrong” lattice constant caused by the limitation of the
theory. We will be consistently using the theoretical lattice
constant in the following sections, unless specified other-
wise.

III. NEAREST-NEIGHBOR PAIR INTERACTIONS

To extract NN lateral interactions, Eb, between adatoms
from ab initio energy calculations, we operate under the
assumption that interactions beyond a certain range �e.g.,
two or three times the surface lattice constants� can be
ignored. This is usually well justified.36,37 Thus, comparison
of the energetics of a neighboring pair of adsorbates on
a surface with that for a far-separated pair within a large
unit cell would produce the desired NN interaction. How-
ever, for �111� surfaces of noble metals, indirect interaction
mediated by a Shockley surface state can extend to large
distances,38–44 and this would require use of an inordinately
large unit cell. Unfortunately, in order to calculate energetics
for a large range of slab thicknesses with the goal of system-
atically studying quantum size effects, we are restricted to
relatively small supercells �less than 25 atoms per layer�.
Thus, to estimate the binding energy, Eb�0, for a NN ada-
tom dimer, instead we use the following method.

For each slab thickness L, we compute the total energy of
three configurations using a �m�m� supercell; the clean slab
without any adsorbate �total energy E0

m�L��; with one adatom
at fourfold hollow site for �100� surfaces, and at a threefold
hollow fcc site for �111� surfaces �total energy E1

m�L��; and
with a NN dimer, its constituent adatoms occupying the same
type of sites as for the single atom case �total energy E2

m�L��.
These three types of configurations are illustrated in Fig. 1

E0
3x3 E1

3x3 E2
3x3

E0
3x3 E1

3x3 E2
3x3

FIG. 1. Configurations used in the calculation of NN bond in-
teractions for �100� �top panel� and �111� �bottom panel�. Supercells
of size �3�3� are shown here. Open circles are the topmost sub-
strate atoms and the gray circles are adatoms. The surface unit cells
are plotted as dashed lines.
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for a �3�3� unit cell. In the following analysis, we will
ignore all interactions longer than m−1 atomic distances or
surface lattice constants �denoted by “a” below�, i.e., we
ignore interactions between adspecies in adjacent unit cells.
Then, if Ea�L��0 denotes the adsorption energy of an iso-
lated adatom, and again Eb�L��0 is the NN binding energy,
for estimates from a slab of thickness L, we have the follow-
ing relations:

E1
m�L� = E0

m�L� − Ea�L� �1�

and

E2
m�L� = E0

m�L� − 2Ea�L� − Eb�L� . �2�

Consequently, Ea and Eb can then be obtained from

Ea�L� = E0
m�L� − E1

m�L� ,

Eb�L� = 2E1
m�L� − E0

m�L� − E2
m�L� . �3�

A. Ag(100) and Cu(100)

The NN interaction energy for a dimer on a free-standing
Ag�100� thin slab of thickness L was obtained using Eq. �3�
with m=3 and a �8�8� k-point grid. Results are plotted in
Fig. 2. This interaction ranges from 0.13 eV for L=3 to a
maximum of 0.27 eV for L=5. Also, L=10 produces a
slightly stronger interaction than nearby L values. Thus, a
repeat period of five atomic layers can be discerned, as dis-
cussed further below.

Results using a larger �4�4� supercell with �4�4�
k-point grid show very similar behavior. See also Fig. 2. For
L=1–10, the mean absolute difference between results for
Eb with m=3 and m=4 is 0.022 eV. Much of this difference
is likely due to insufficient number of k points used for the
calculation with m=4. Thus, for Ag�100�, longer-range inter-
actions beyond two atomic distances �around 6 Å� are neg-
ligible compared with the NN binding energy.

For completeness, in the inset of Fig. 2, we show the
dependence on slab thickness, L, of the adsorption energy Ea.
The variation with L is similar to that for Eb.

Such dependence on film thickness of Eb �and Ea� is ex-
pected to be caused by the confinement of electrons along
the direction perpendicular to the film. This results in a dis-
cretization of the energy band into quantum-well states
�QWSs�. This proposed presence of QSE is consistent with
and supported by a number of observations. First, calcula-
tions without any relaxation �i.e., all atoms, including adsor-
bates, are fixed at their bulk positions� show similar behav-
ior, although overall the pair interaction is increased by about
0.06 eV. Second, examination of the calculated electronic
energy levels within unrelaxed clean slabs shows that one
QSW �at kx=ky =0� crosses the Fermi level between L=4 and
L=5, and another one crosses the Fermi level just below L
=10, consistent with results by Wei and Chou.45 A simple
perspective of Schulte’s analyses of QSE using a jellium
model46 is that such a crossing of the Fermi energy and a
QWS results in a cusp in many physical quantities if the
height of the film can be adjusted continuously. A free-
electron analysis indicates that such crossing occurs approxi-
mately every five layers for Ag�100� and Cu�100� assuming
one valence electron for each atom.47

What is perhaps surprising is the magnitude of the varia-
tion in Eb. For contrast, consider the surface energy �per
atom�, Es, which governs relative stabilities of Ag�100� slabs
for various thicknesses. For a slab thickness from L=4 to 10,
which is usually consider thick enough to mimic bulk prop-
erties, the variation in Es is around 0.01 eV for Ag�100�. In
contrast, the variance in Eb for this range of film thickness is
much larger at around 0.07 eV. As an aside, a much larger
variation is found in Es for Ag�110�.47

To extract the bulk value for Eb, we simply average the
value for the larger range of thicknesses from L=8 to 15.
More sophisticated method taking into account a propensity
for period five oscillatory decay could, in principle, be em-
ployed. However, considering the irregularities in the DFT
results �mainly caused by an insufficient number of k points
and to a lesser extent by the finite-energy cutoff�, there is
likely not much benefit in so doing. The result from simple
averaging for Ag�100� of 0.222 eV using a �3�3� supercell
is listed in Table I, along with other results for this and simi-
lar systems.

There is also a significant additional advantage in consid-
ering an average value of Eb over several slab thicknesses
rather than the value for a single thickness �even when it is
very large�. We find that from empirical evidence that
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FIG. 2. NN adatom interaction energy for Ag�100� thin films.
Solid circles are results derived using �3�3� supercells with a �8
�8� k-point grid, and the open circles are derived using �4�4�
supercells with a �4�4� k-point grid. The adatom adsorption en-
ergy Ea as a function of L in a �3�3� supercell is plotted as an
inset.

TABLE I. NN bond interactions, derived from Eq. �3� and av-
erage over slab thickness from L=8 to L=15. The uncertainties are
estimated from the standard deviation of the data divided by the
number of samples.

�3�3� supercell �4�4� supercell

Fixed Relaxed Fixed Relaxed

Ag�100� 0.271�2� 0.222�2� 0.221�4�
Ag�111� 0.288�2� 0.231�2� 0.285�1� 0.225�2�
Cu�100� 0.369�1� 0.322�4�
Cu�111� 0.331�2� 0.274�2� 0.319�1� 0.239�2�
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achieving k-point convergence is quite difficult on a slab of
fixed thickness. For example, using �3�3� supercells, the
absolute difference in Eb estimated with �6�6� and �8�8�
k-point grids is 16 meV on average for L=8 to 15. However,
the difference in the values averaged over this range is only
3 meV.

Behavior of Eb �and Ea� for Cu�100� as a function of slab
thickness is quite similar to that for Ag�100�, as shown in
Fig. 3. Specifically, using a �3�3� supercell, we estimate
that Eb=0.22 eV for L=3 ML and Eb=0.37 eV for L
=5 ML. The bulk value obtained as the average value over
L=8 to L=15 is 0.322 eV. We have carried out calculations
for larger unit cells only for a range of smaller slab thickness
L. However, we expect that as for Ag�100�, results for Eb are
not very sensitive to the lateral size of the supercell as long
as it is above �3�3�. Figure 3 also shows an oscillation with
a period near 5–6 ML, suggesting the source of QSE in this
system is due to the same quantum confinement effect as in
Ag�100�.

B. Ag(111) and Cu(111)

We can use the same method as for fcc�100� surfaces �i.e.,
Eq. �3�� to extract the NN adatom interaction energy for
Ag�111� and Cu�111� slabs. Results using a �3�3� supercell
with �8�8� k-point grid and a �4�4� supercell with �4
�4� k-point grid are presented in Fig. 4. For a fixed super-
cell size, Eb appears to exhibit decaying oscillatory variation
with a period of 3 ML. However, the phase of this oscillation
is reversed between the two supercells, and there is no
simple Schulte-type explanation of such behavior. One pos-
sible explanation is the stacking periodicity of the films.

The significant difference between results obtained using
�3�3� and �4�4� supercells immediately suggests that the
assumption of a cutoff distance of 2a �where again a denotes
the surface lattice constant� is not justified for pairwise inter-
actions on Ag�111�. It is tempting to include longer-ranged
interactions within a lattice-gas �LG� model formalism in
order to rederive the NN interactions as well as to extract
longer-range interactions from DFT results. Given the lim-
ited number of configurations and poor convergence of re-

sults, this exercise is not very successful. As an aside, an
analysis of dependence on supercell size has been performed
previously for slab thickness L=5.48

Similarly, on Cu�111� films, the NN interaction energy for
Cu adatoms is also sensitive to the lateral size of the super-
cell. Due to relative small number of k points used in the
calculations, we cannot discern any particular pattern in
QSE. The bulk values �with both bulk terminated and relaxed
configurations� deduced by averaging results from L=8 to 15
are listed in Table I. Results using the larger �4�4� super-
cells are significantly lower than those using �3�3� super-
cells �Fig. 5�.

IV. ADATOM AND VACANCY FORMATION ENERGIES

A precise definition of the formation energy, Ef �0, for an
adatom �introduced briefly in Sec. I� is the energy cost to
transfer that adatom from a 2D condensed island phase to the
terrace. It is convenient to define a chemical potential, ��L�,
for adatoms in the 2D condensed phase adsorbed on top of a
slab of thickness L. When evaluated using an �m�m� super-
cell, this quantity is given by

�m�L� = �E0
m�L + 1� − E0

m�L��/NA, �4�

where NA is the number of surface atoms on one side of the
slab in a supercell. Then, the formation energy for an adatom

0 5 10 15
Thickness L (ML)

0.20

0.25

0.30

0.35

0.40

N
N

bi
nd

in
g

en
er

gy
E

b
(e

V
)

0 5 10 15
2.80
2.85
2.90
2.95
3.00

E
a

FIG. 3. NN adatom interaction energy for Cu�100� thin films.
Solid circles are derived using �3�3� supercells with a �6�6�
k-point grid, and open circles are results using �4�4� supercells
and a �4�4� k-point grid. The adatom adsorption energies Ea for
different slab thickness L in �3�3� supercells are plotted in the
inset.
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FIG. 4. NN pair interaction between Ag adatom on Ag�111�. The
solid circles are derived from using �3�3� supercells with a �8
�8� k-point grid. The open circles are derived from using �4�4�
supercells and a �4�4� k-point grid.
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FIG. 5. NN pair interaction between Cu adatom on Cu�111�. The
solid circles are derived from using �3�3� supercells with a �4
�4� k-point grid. The open circles are derived from using �3�3�
supercells and a �4�4� k-point grid.
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on a slab of thickness L is obtained from DFT energetics via

Ef
a�L� = − Ea�L� − �m�L� = E1

m�L� − E0
m�L� − �m�L� , �5�

where Ea is the relevant adatom adsorption energy defined in
Eq. �1�.

Another perspective is that Ef
a�L� corresponds to the dif-

ference between the total energy of an adlayer with a con-
densed island of M −1 adatoms plus an isolated adatom,
−Ea�L�+ �M −1���L�, and the total energy of an island of M
adatoms, M��L�.

Next, we consider the formation energy, Ef
v�L�, for a va-

cancy on top of a slab of thickness L−1. This corresponds to
the energy cost to incorporate a vacancy into the condensed
phase on top this �L−1�-layer slab where the vacancy is
taken from a vacancy pit within the same layer �or, equiva-
lently, the adatoms displaced upon incorporating the vacancy
remain in the same layer�. Analogous to the above treatment
for adatoms, Ef

v�L� is given by the difference between the
total adlayer energy for an island of M adatoms incorporat-
ing a vacancy and that for a vacancy-free island of M ada-
toms. The former is given by dEv�L�+ �M +1���L−1� and
the latter by M��L−1�. Here, we set dEv�L�=Ev�L�−E0�L�,
where Ev�L��E0�L�� is the energy of the slab of thickness L
with �without� a single vacancy in the top layer. Thus, Ef

v�L�
can be calculated from

Ef
v�L� = Ev

m�L� − E0
m�L� + �m�L − 1� �6�

using an �m�m� supercell.
Results for the dependence of slab thickness, L, of the

formation energy for both adatoms and vacancies on Ag�100�
is shown in Fig. 6. A large variation is found in Ef

a, similar to
that of pair interaction Eb while Ef

v is relatively less sensitive
to the film thickness for L�1. As for the adatom NN pair
interaction, the adatom formation energy is much higher for
L=5. Interestingly, for L=2 and L=3, the formation energy
of a vacancy is higher than that of an adatom while for other
film thickness, the opposite is true.

Analogous to the previous section, we have estimated the
formation energies for a bulk homoepitaxial thin film by av-
eraging DFT values for slabs ranging from L=8 to L=15.
Results for both adatoms and vacancies on various Ag and
Cu surfaces using �3�3� supercells are listed in Table II.
Error estimates in the brackets are the standard deviations of

results for various slab thicknesses divided by the number of
samples. Note that for both Ag�100� and Cu�100� surfaces,
the formation energy of an adatom is larger than that of an
vacancy. This trend is consistent with the DFT-GGA results
for Cu�100� of Klünker et al.18 obtained about ten years ago.
However, their values �0.48 eV for adatoms and 0.22 eV for
vacancies� are significantly lower in magnitude than our
present results �0.59 eV for adatoms and 0.50 eV for vacan-
cies� for Cu�100�. The discrepancy could be partly explained
by the significant QSE observed for the �100� surfaces �es-
pecially around L=4.�

We find that a significant dependence of estimates for
the formation energies on supercell size. To assess conver-
gence with increasing size, for �100� surfaces we compare
results for ��2��2�R45°, �2�2�, ��5��5�R26.6°, �2�2
�2�2�R45°, �3�3� and �4�4� supercells. For �111� sur-
faces, we compare ��3��3�R30°, �2�2�, ��7��7�R19.1°,
�3�3�, �2�3�2�3�R30°, and �4�4� supercells. Note that
the procedure of averaging over several slab thicknesses is
essential to obtain a meaningful determination of supercell
size effects since comparison between results for different
supercells requires k-point convergence which is very diffi-
cult to achieve, a feature also observed for Ag/Ag�111�
previously.43 As shown earlier, averaging over results of dif-
ferent slab thicknesses improve k-point convergence tremen-
dously. To systematically investigate supercell size effects,
and to gain more insight to the question whether any such
effects are electronic or elastic in nature, we carry out DFT
calculations with all atoms fixed at their bulk termination
positions �including the adatom, such as it is fixed above the
substrate with a distance equal to the bulk interlayer spac-
ing�.

Figure 7�top� shows the deviation in the formation energy
of Ag adatom on Ag�100� and Ag�111� surfaces from the
value for the largest supercell calculated. For Ag�100�, the
formation energy on a ��2��2�R45° is much lower than
that for larger supercells but then it quickly converges to the
large-size limit. In contrast, on Ag�111�, although the devia-
tion in the formation energy for the smallest nonprimitive
supercell is not as big as for the Ag�100� surface, the con-
vergence to the large supercell limit is much slower, with
significant effects of finite supercell size up to at least 4a.
Results for Cu�100� and Cu�111�, also shown in Fig. 7�bot-
tom�, are similar. The main difference is that the deviation is
about twice as large as for the Ag surfaces.

To interpret results shown in Fig. 7, we can analyze be-
havior of a LG model formalism with long-range interac-
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FIG. 6. Formation energy for a single Ag adatom and single
vacancy on Ag�100�, obtained using Eq. �5� with �3�3� supercells
and �8�8� k points.

TABLE II. Formation energy of adatoms and vacancies on Ag
and Cu surfaces. Results are derived from DFT calculations on �3
�3� supercells and average over slabs with thickness ranging from
L=8 to L=15.

Adatom Vacancy

Ag�100� 0.416�2� 0.373�1�
Ag�111� 0.601�1� 0.545�3�
Cu�100� 0.591�2� 0.505�3�
Cu�111� 0.800�3� 0.784�2�

DENSITY FUNCTIONAL ANALYSIS OF KEY ENERGETICS… PHYSICAL REVIEW B 81, 035415 �2010�

035415-5



tions. If one neglects any many-body interactions and con-
structs a LG model with pairwise interactions only, then the
difference in the adatom formation energy between a �m
�m� supercell and a �2m�2m� can be accounted for by an
interaction of range m. Using results from Fig. 7, for
Ag�100�, there is 2NN �with d=�2a� attraction of 0.032 eV,
and the interaction is less than 3 meV �which is the limit of
our DFT accuracy� for larger separations. For Ag�111�, there
is a 0.009 eV repulsion between 2NN adatom pairs �with d
=�3a�, and also between 3NN adatom pairs �with d=2a�.
We do not have sufficient data to deduce directly the inter-
action for d=�7a, but from the available data, we expect it to
be a repulsion of around 0.004 eV. Earlier studies on a com-
pressed Ag�111� surface42–44 show a stronger �around 0.050
eV� repulsion between adatoms, and a weaker repulsion for
the unstrained Ag�111� surface,42,43 consistent with the
present study.

Similarly, we find a 0.055 eV attraction between 2NN
adatom pairs on Cu�100�, and that interactions beyond 2a
drop below 3 meV. There is a 0.019 eV repulsion between
2NN adatom pairs on Cu�111� and a 0.021 eV repulsion be-
tween 3NN adatom pairs. The conclusion for Cu�100� is con-
sistent with Ref. 37 but our results suggests a much stronger
2NN repulsion between adatoms �19 vs 1–4 meV�, together
with a much weaker NN attraction on Cu�111� �239 vs 323
meV� than Ref. 37. Low-temperature scanning tunnel micro-
scope �STM� experiments of Cu/Cu�111� suggesting a repul-
sion between 0.010 and 0.019 eV have been reported.49,50

Note that the above results are for unrelaxed configura-
tions, with all atoms �including adatoms� fixed at their bulk
termination positions. Thus, derived interactions neglect any
elastic effects. However, limited results that do include re-
laxation show that most of the supercell size effects are cap-
tured by Fig. 7.

V. ADATOM AND VACANCY DIFFUSION BARRIERS

To determine diffusion barriers, we simply calculate the
difference in energies between the different relevant high-
symmetry sites for an adatom or vacancy. These are the hol-
low and bridge sites for our application, where for fcc�111�
surfaces the fcc rather than the hcp hollow site is relevant
having a slightly lower energy. While it is possible that the
bridge site represents a �weak� local minimum in the energy
landscape rather than the true transition state for hopping,
any additional barrier should be very small.

Figure 8 shows the hopping barrier for an adatom and
advacancy on Ag�100�. In contrast to the binding energy and
formation energy, there is no significant QSE once the slab
thickness is above five layers. Table III lists the hopping
barriers of an adatom and vacancy on the �100� and �111�
surfaces of Ag and Cu.

The value for Ed on Ag�111� is significantly lower than
the previous DFT estimate of 0.082 eV in Ref. 16 and ex-
perimental estimate 0.097 eV.35 With such low-energy barri-
ers, there are many factors that can affect the precise esti-
mate of the diffusion barrier. We find that relaxation of the
substrate is very important. For example, with a four-layer
slab, �2�2� supercell, and �6�6� k-point grid �including the
� point�, the diffusion barrier is, respectively, 0.093, 0.057,
and 0.055 eV with zero, one, and three layers of substrate
fully relaxing. Similarly, for adatom diffusion on Cu�111�,
the barrier ranges from 0.042 eV with full substrate relax-
ation to 0.12 eV with no substrate relaxation.

Experiments of Ag and Pt�111�,35 effective-medium
theory,35 and DFT �Ref. 16� all show that the diffusion bar-
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FIG. 7. Deviations in the formation energy of an adatom for
different supercells. Results are for configurations with atoms �in-
cluding adatoms� fixed at their bulk termination positions.
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FIG. 8. Diffusion barriers for adatoms and vacancies on
Ag�100�. Average of thicknesses, L, from 9 to 15 gives 0.442�2� eV
for adatom and 0.363�3� eV for vacancy. Data are for �3�3� super-
cell and a �4�4� k-point grid, shown as plus signs. Data using a
�8�8� k-point grid are also shown as asterisks for comparison.

TABLE III. Hopping barriers for a single adatom and vacancy.
Results are obtained from an average for slab thickness from L=8
to L=15, unless otherwise noted.

Adatom2�2 Adatom3�3 Vacancy3�3

Ag�100� 0.440�2� 0.442�1� 0.363�1�
Ag�111� 0.052�1�a 0.059�3� 0.518�3�
Cu�100� 0.542�1� 0.405�6�
Cu�111� 0.046�1�a

aAverage of L=5–9.
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rier on Ag�111� is very sensitive to strain. Because of the
relative large discrepancy of the theoretical lattice constant
using PBE and the experimental value, it is perhaps war-
ranted to examine other GGA methods with different theo-
retical lattice constants �see Appendix for more details�.
Table IV shows the adatom diffusion barrier Ed for Ag�111�
calculated with different xc functionals and lattice constants.
For unstrained surfaces, we have Ed�LDA��Ed�PBEsol�
�Ed�PBE�, similar to the trend seen in the cohesive energy.
Note that PBEsol predictions for both the lattice constant and
the cohesive energy, perhaps the two most important factors
determining the diffusion coefficient, are quite accurate com-
pared with experiments.26 To gauge the effect of pseudopo-
tentials, we also perform calculations with a different PAW
�denoted by PAW-new� potentials with improved treatment
of f channels.34 Results are essentially the same as the stan-
dard potential �PAW-std�.

From experimentally observed island densities at low
temperature during submonolayer homoepitaxy on Ag�111�,
a diffusion barrier of 97�10 meV with a prefactor of 2
�1011 is deduced4,35 using the classic theory of irreversible
island formation. However, in similar system such as 1 ML
Ag/Pt�111� �Ref. 42� and Cu/Cu�111�,39,50,51 application of
the classic theory produced artificially low diffusion rates
�specifically, low prefactors if adopting standard choice of
barriers�. This anomaly was attributed to the presence of a
“repulsive ring” around adatom inhibiting the approach of
other adatoms. Based on the reasonable agreement with ex-
periment of the previously reported DFT value of 0.082 eV
for the diffusion barrier of Ag on unstrained Ag�111� �with
local-density approximation �LDA� and a lattice constant
4.05 Å,16 see Table IV also�, it is concluded52 that the repul-
sive interactions between adatoms was weak. This conclu-
sion was consistent with previous DFT analysis.42 However,
in the light of our new lower value of Ed for Ag on Ag�111�,
this picture should be reexamined. Current DFT calculations
do not produce a resolution to this issue.

Note that the current value of 0.042 eV for adatom diffu-
sion for Cu on Cu�111� is more consistent with previously

reported values, either from direct STM measurement of the
hop rate40,49 or DFT calculations.39 It should also be noted
that our new lower value of diffusion barrier for Ag on
Ag�111� seems more consistent with this result for Cu. This
claim is based on the general belief that surface energetics at
least to some extent reflect the bulk cohesive energy which is
actually higher for Cu than for Ag.53

Our calculation shows that on Ag�100� and Cu�100�, the
vacancy diffusion barrier is lower than the barrier for adatom
diffusion. �All barriers apply for a hopping mechanism since
exchange processes are less facile.� This trend for adatom
versus vacancy diffusion barrier is consistent with previous
results obtained by Klünker et al.18 for the Cu�100� surface
�just as trends in our results for the formation energies were
consistent with theirs�. Note that here QSE is not very sig-
nificant so as a consequence values in Ref. 18 �0.52 eV for
adatoms and 0.42 for vacancies� are basically consistent with
our present values. Recall that the effective barrier for coars-
ening is given by the sum of the diffusion barrier and forma-
tion energy for the adspecies transporting mass, plus any
additional attachment barrier. Together with the result that
the formation energies for vacancies is lower than for ada-
toms, the lower diffusion barrier for vacancies gives cre-
dence to the picture proposed previously based on experi-
mental observations that vacancies are the dominant mass
transport species for adatom island ripening at 340 K on
Cu�100�.54 However, the remaining uncertainty is the mag-
nitude of the additional barrier for interlayer attachment of a
vacancy to a step edge compared with the �zero� additional
barrier of intralayer adatom attachment.

It is reasonable to question also whether the lateral size of
the supercell has any significant effect on the hopping bar-
rier. Our data suggest that those effects are quite small.

VI. DISCUSSION AND CONCLUSIONS

DFT is currently the de facto standard for ab initio calcu-
lation of surface energetics. However, even for systems as
simple as the �100� and �111� surfaces of Ag and Cu, consid-
erable uncertainties remain concerning the values of key en-
ergetics, such as NN binding energy of adatoms, adatom, and
vacancy formation energies, etc.

From extensive calculations with different slab thick-
nesses and supercell sizes, we show that within the theory
and a fixed form of exchange-correlation approximation,
much of the uncertainties can be explained by two types of
finite-size effects.

For �100� surfaces, the slab thickness is important as a
consequence of the confinement of electrons within the
slab.46 Reliable estimates for surface energetics in the limit
of bulk films usually requires slab thickness above ten layers.
On the other hand, for �111� surfaces, the supercell size is
more important, a feature which likely arises from the long-
range interactions induced by the surface states. Perhaps a
good gauge of this range is the half in-plane Fermi wave-
length, which is about six surface lattice constants for
Ag�111�, and four surface lattice constants for Cu�111�, the
predicted period of oscillations in adatom interactions in-
duced by the surface state.38

TABLE IV. Energy barrier Ed �in eV� for adatom diffusion on
Ag�111�, calculated with different xc functionals and lattice con-
stants a0. Results are obtained with �2�2� supercells, �12�12
�1� k-point grid, and 250 eV energy cutoff, averaging over values
from L=5 to 9. Numbers in brackets are obtained with the same
setting except for a larger energy cutoff of 400 eV. Bold face num-
bers are for the unstrained surface. Two sets of potentials are used.

PAW-std

a0 �Å� 4.017 4.069 4.169

LDA 0.064(0.068) 0.076�0.081�
PBEsol 0.057(0.061)

PBE 0.027�0.037� 0.052(0.056)

PAW-new

a0 �Å� 4.055�4.053� 4.152�4.147�
PBEsol 0.056(0.060)

PBE 0.052(0.052)
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Another limiting factor for plane-wave DFT calculations
is the number of k points used for integrating the surface
Brillouin zone. We find the k-point convergence is very dif-
ficult to achieve with a fixed slab thickness, requiring up to a
�60�60� k-point grid for a primitive surface cell to converge
within a few meV. The slow convergence is also found for
Al�110� and is believed due to inadequate sampling of sur-
face states near the Fermi level.55 However, empirically, the
average value of results for several slab thickness converge
much faster. Therefore, the systematic study of effects of slab
thicknesses has the additional benefit of achieving faster
k-point convergence.

It is worth noting that the real challenge in ab initio cal-
culations of surface energetics is still with the theory itself,
which currently focus on better forms of approximations of
the exchange-correlation functional in DFT. Results with dif-
ferent approximations are discussed briefly in Appendix. We
note that effects of slab thicknesses are basically transfer-
able, i.e., the QSE curve in Figs. 2–6 are shifted by a near
constant value for different functionals. However, it has been
shown that the position of the surface state relative to the
Fermi energy is very sensitive to the equilibrium bulk
constant,14,44 which is in turn sensitive to the functional.
Thus, effect of long-range interactions may be more sensitive
to the choice of functionals.
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APPENDIX: COMPARISON BETWEEN
DIFFERENT xc FUNCTIONALS

All DFT results presented above were obtained from the
widely used PBE form23 of exchange-correlation functional.
In terms of qualitative trends regarding effects of film thick-
ness, we do not find any significant difference when other
functionals are used. However, the absolute values of ener-
gies are sensitive to the functionals. For a wide range of
transition metals, LDA underestimate the lattice constant
while PBE overestimate the lattice constant. PBE generally
predicts weaker binding energy between atoms than LDA.

Designing improved functionals that uniformly give better
predictions without any adjustable parameter is very diffi-
cult. Recently, several new functionals, e.g., Wu-Cohen,31

AM05,56 and PBEsol �Ref. 57� are introduced which show
improvements over LDA and PBE in their predictions of
bulk properties �lattice constants and bulk modulus�.26 In this
section, we compare results of LDA, PBE, and PBEsol for
the lattice constant, the free energy of clean surfaces, and the

formation energy for a single adatom on Ag�100� and
Cu�100�. This provides some assessment of effects of the
choice of exchange-correlation functionals.

Large-scale surface energetics calculations necessitate the
usage of pseudopotentials that treat some electrons as frozen
cores. Although for most bulk properties, the PAW method
predicts values very close to that of full potential methods,
there can be noticeable differences in surface energetics.34

Here we compare results using the “standard” PAW poten-
tials that are included in the VASP package �PAW-std� and a
set of new PAW potentials with improved treatment of f
channels �PAW-new�.

All lattice constants are obtained from quadratic fitting of
results �0.02 Å from the theoretical equilibrium value, with
�24�24�24� �including the � point� k-point grid and 250
eV energy cutoff. Some differences in the lattice constant can
be observed when the energy cutoff is increased to 600 eV
but they are not very significant.

The surface energy is defined as through

TABLE V. Comparison between DFT predictions for the lattice
constant a0, the surface energy 	, and adatom formation energies
for select Ag and Cu surfaces, using various exchange-correlation
functional. Results for Ef

a are obtained using �2�2� supercells with
all atoms fixed at their bulk positions. Results for surfaces are av-
erages over slab thicknesses from L=8 to L=15. Experimental val-
ues for lattice constants are based on room-temperature values cor-
rected to the T=0 limit, from Ref. 30. Experimental values for
surface energies are from Ref. 62. PAW-std are the pseudopotentials
included in the VASP package while PAW-new are new pseudopo-
tentials with improved treatment of the f channel �Ref. 34�. See text
for more technical details.

LDA PBEsol PBE Expt.

Lattice constant �Å�
Ag�PAW-std� 4.017 4.069 4.169 4.056

Ag�PAW-new� 4.055 4.153

Cu�PAW-std� 3.524 3.570 3.637 3.595

Cu�PAW-new� 3.571 3.636

Surface energy 	

Ag�111� PAW-std

eV/atom 0.505 0.449 0.341 0.535

J /m2 1.158 1.002 0.726 1.250

Ag�111� PAW-new

eV/atom 0.442 0.341

J /m2 0.995 0.733

Cu�111� PAW-std

eV/atom 0.600 0.556 0.463 0.610

J /m2 1.789 1.614 1.294 1.825

Formation energy �unrelaxed� �eV�
Ag/Ag�100� 0.743�4� 0.654�5� 0.515�3�
Cu/Cu�100� 0.911�9� 0.850�4� 0.716�4�
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	�L� = �E0�L� − L�b�/�2A� , �A1�

where E0�L� is the energy of a film of L-layer thickness, �b is
the cohesive energy per atom, and A is the area �per side� of
the unit cell. E0�L� are calculated using periodic slabs sepa-
rated by 12 Å of vacuum, using �24�24�1� �including the
�-point� k-point grid. In the literature, two general methods
of estimating �b has been used. The first method is to obtain
�b from a separate calculation. This can be either from a
simple bulk calculation using the primitive cell, and the more
sophisticated method of filling up the vacuum between slabs
with additional layer of atoms, as investigated by Fiorentini
and Methfessel.58 This method has been criticized58,59 as un-
reliable but recently argued by Da Silva, Stampfl, and
Scheffler60 as valid if one is careful when choosing the set-
ting of the bulk calculation. The alternative method is to use
a linear fit to the total energy of varying slab thickness as �b.
I find that although, in principle, this is a more reliable �and
perhaps more foolproof� method for very large L, due to
QSE, for L up to 12 ML, a more judiciously chosen �b
sometimes gives better results.

In this appendix, �b is also calculated from a slab calcu-
lation. However, instead of filling up the vacuum as sug-
gested by Fiorentini and Methfessel,58 the distance between
the two slabs is shrunk to the interlayer distance to recover
the bulk property. So for �111� surfaces, a supercell with

three atoms and a �24�24�10� k-point grid is used for the
cohesive energy calculation. It should be more accurate than
using the bulk cohesive energy of a fcc primitive cell since
the k-point distributions there are not equivalent with the slab
calculation, even though they are describing the same physi-
cal system. Using the very high-quality data in Ref. 61 for
Ag�100� with a �51�51�1� k-point grid up to L=31 ML as
a benchmark, I find that this method is slightly �about 5
meV/atom� more accurate than the method of linear fit using
data up to L=15 ML. For all three quantities calculated,
results for PBEsol lie between the LDA values and the PBE
values �Table V�. Our results for the lattice constants is in
good agreement with previous DFT calculations. In particu-
lar, using PAW-new potentials, our results are in complete
agreement with those published in Ref. 26 for the same func-
tional and potential. Our PBE value of 	=0.463 eV /atom
for Cu�111� is in very good agreement with Da Silva et al.63

�0.468 eV/atom� and Stasevich et al.37 0.462–0.465 eV/atom
but slightly different from the value 0.48 eV/atom of Tran
et al.64 Tran et al.64 calculated the surface energies for vari-
ous metals using LDA, PBE, and Wu-Cohen �WC� xc func-
tionals. Our results for Ag and Cu with LDA and PBE are in
good agreement with their results. Our results with PBEsol
are in good agreement with the WC results for the two met-
als studied here. However, this is a small systematic differ-
ence of around 0.02 eV/atom.
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